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a b s t r a c t
By using some techniques based upon certain inverse pairs of symbolic operators,
the author investigates several decomposition formulas associated with Srivastava’s
hypergeometric function HA in three variables. The operator identities involving these
pairs of symbolic operators are first constructed for this purpose. By means of these
operator identities, as many as ten decomposition formulas are then found, which are
expressed through the aforementioned triple hypergeometric function in terms of Saran’s
hypergeometric functions.
© 2009 Published by Elsevier B.V.
1. Introduction
The familiar operator method of Burchnall and Chaundy (cf. [1,2]; see also [3]) has been used by them rather
extensively for finding decomposition formulas for hypergeometric functions of two variables in terms of classical Gauss
hypergeometric functions of one variable. In our present investigation, we constructed decomposition formulas for of
Srivastava’s hypergeometric function HA with the help of the Burchnall–Chaundy method. By means of the decompositions
obtained by us, we also deduce some definite integrals associated with the aforementioned hypergeometric function HA
defined by






(|x| =: r < 1; |y| =: s < 1; |z| =: t < (1− r) (1− s))
which were introduced and investigated, over four decades ago, in by Srivastava (see, for details, [4,5]; see also [6, p. 43]
and [17 (p. 68–69),18]). Here, and in what follows, (λ)µ denotes the Pochhammer symbol (or the shifted factorial) for all
admissible (real or complex) values of λ and µ.
2. The main pairs of symbolic operators
Over six decades ago, Burchnall and Chaundy [1,2] and Chaundy [3] systematically presented a number of expansion and
decomposition formulas for some double hypergeometric functions in series of simpler hypergeometric functions. Their
method is based upon the following inverse pairs of symbolic operators:
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∇xy (h) := 0 (h)0 (δ1 + δ2 + h)




(h)k k! , (2.1)
∆xy (h) := 0 (δ1 + h)0 (δ2 + h)




(1− h− δ1 − δ2)k k! (2.2)
and
∇xy (h)∆xy (g) := 0 (h)0 (δ1 + δ2 + h)
0 (δ1 + h)0 (δ2 + h)
0 (δ1 + g)0 (δ2 + g)




(g − h)k (g)2k (−δ1)k (−δ2)k
(g + k− 1)k (g + δ1)k (g + δ2)k k!
(2.3)(
δ1 := x ∂
∂x




Indeed, as already observed in [6, pp. 332–333], the aforementionedmethod of Burchnall and Chaundy (cf. [1,2]; see also [3])
was subsequently applied mutatis mutandis in [7,5] in order to derive the corresponding expansion and decomposition
formulas for the triple hypergeometric functions F (3)A , FE, FK , FM , FN , FP and FT ,HA,HC , respectively (see, for definitions, [6,
Section 1.5] and [17, 66 et seq.]), and by Singhal and Bhati [8] for deriving analogous multiple-series expansions associated
with several multivariable hypergeometric functions. Subsequently, by making use of the Laplace and inverse Laplace
transform techniques in conjunction with the principle of multidimensional mathematical induction, Srivastava [9]
established several general families of expansion and decomposition formulas for Kampe de Feriet’s double hypergeometric
function F p:q;q
′
u:v;v′ and for Srivastava’s general triple hypergeometric functions F
(3) [x, y, z] (see also [6, p. 333, Theorem1; p.335,
Theorem 2]). Some closely related results involving Kampe de Feriet’s double hypergeometric functions can also be found
in the work by Ragab [10].
We now recall here the following multivariable analogues of the Burchnall–Chaundy symbolic operators ∇xy (h) and
∆xy (h) defined by (2.1) and (2.2), respectively (cf. [11 (p. 115–116),19 (p. 957)] and [8, p. 240]; see also [5, p. 113] for the
case when r = 3):
∇˜x1;x2,...,xr (h) :=
0 (h)0 (δ1 + δ2 + · · · + δr + h)




(−δ1)m2+···+mr (−δ2)m2 · · · (−δr)mr
(h)m2+···+mr m2! · · ·mr !
, (2.4)
∆˜x1;x2,...,xr (h) :=
0 (δ1 + h)0 (δ2 + · · · + δr + h)




(−δ1)m2+···+mr (−δ2)m2 · · · (−δr)mr




(−1)m2+···+mr (h)2(m2+···+mr ) (−δ1)m2+···+mr (−δ2)m2 · · · (−δr)mr
(h+m2 + · · · +mr − 1)m2+···+mr (δ1 + h)m2+···+mr (δ2 + · · · + δr + h)m2+···+mr m2! · · ·mr !
, (2.5)(
δj := xj ∂
∂xj
; j = 1, 2, . . . , r
)
,
where we have applied such known multiple hypergeometric summation formulas as [12, p. 117]
F (r)D (a; b1, b2, . . . , br; c; 1, 1, . . . , 1) =
0 (c)0 (c − a− b1 − b2 − · · · − br)
0 (c − a)0 (c − b1 − b2 − · · · − br) ,(
Re (c − a− b1 − b2 − · · · − br) > 0; c 6∈ Z−0 := {0,−1,−2,−3, . . .}
)
,
for the Lauricella function F (r)D in r variables, defined by [6, p. 33, Eq. 1.4(4)].
3. A set of operator identities
By applying the pairs of symbolic operators in (2.1) to (2.5), we find the following set of operator identities involving the
Saran hypergeometric functions FE, . . . , FT and Srivastava’s triple hypergeometric functionHA defined by (1.1), respectively:
HA (α, α, β2; γ1, γ2; x, y, z) = ∆˜z;xy (α)∇xz (α)∆yz (γ2) FE (α;α, β2; γ1, γ2, γ2; x, y, z) , (3.1)
HA (α, β, β; γ1, γ2; x, y, z) = ∆˜x;yz (β)∇xy (β) FF (β;α, β; γ1, γ2; x, y, z) , (3.2)
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HA (α, α, β2; γ1, γ2; x, y, z) = ∆˜y;xz (α)∇xy (α)∇yz (β2) FG (α;α, β2, β2; γ1, γ2; x, y, z) , (3.3)
HA (α, β1, β2; γ1, γ2; x, y, z) = ∇xy (β1)∆yz (γ2) FK (β1, β2, α, β1; γ1, γ2, γ2; x, y, z) , (3.4)
HA (α, β1, β2; γ1, γ2; x, y, z) = ∇xy (β1) FM (β1, β2, α, β1; γ1, γ2; x, y, z) , (3.5)
HA (α, β1, β2; γ1, γ2; x, y, z) = ∇xy (β1)∇yz (β2) FN (β1, β1, β2, α, β2; γ1, γ2; x, y, z) , (3.6)
HA (α, β1, β2; γ1, γ2; x, y, z) = ∇yz (β2) FP (α, β2, β1, β2; γ1, γ2; x, y, z) , (3.7)
HA (α, β, β; γ1, γ2; x, y, z) = ∇xy (β)∇yz (β)∆xz (β) FR (α, β, β, β; γ1, γ2; x, y, z) , (3.8)
HA (α, β1, β2; γ , γ ; x, y, z) = ∇xz (α)∇xy (β1) ∇˜x;yz (γ ) FS (α, β2, β1, β1, α; γ ; x, y, z) , (3.9)
HA (α, β1, β2; γ , γ ; x, y, z) = ∇xy (β1) ∇˜x;yz (γ ) FT (β1, β2, α, β1; γ ; x, y, z) . (3.10)
In view of the known Mellin–Barnes contour integral representations for the Saran functions FE, . . . , FT and Srivastava’s
hypergeometric function HA, it is not difficult to give alternative proofs of the operator identities (3.1) to (3.10) above
by using the Mellin and the inverse Mellin transformations (see, for example, [12,13,5,6]). The details involved in these
alternative derivations of the operator identities (3.1)–(3.10) are omitted here. Saran’s hypergeometric functions FE, . . . , FT
were defined in [14,15].
4. Decompositions for Srivastava’s hypergeometric function HA
Making use of the principle of superposition of operators, from the operator identities (3.1)–(3.10), we can derive the
following decomposition formulas for Srivastava’s hypergeometric function HA:
HA (α, α, β2; γ1, γ2; x, y, z) =
∞∑
i,j,k,l=0
(−1)i+k+l (α)i+j+k (α)i+j+k+l (β2)2i+j+k+2l (γ2)2i
(γ2 + i− 1)i (γ1)j+k (γ2)2i+l (γ2)2i+j+k+l i!j!k!l!
xj+kyi+lz i+j+k+l
× FE (α + i+ j+ k+ l;α + i+ j+ k, β2 + 2i+ j+ k+ 2l;
γ1 + j+ k, γ2 + 2i+ l, γ2 + 2i+ j+ k+ l; x, y, z) , (4.1)
HA (α, β, β; γ1, γ2; x, y, z) =
∞∑
i,j,k=0
(−1)i+j (α)i+2j+k (β)i+k (β)i+j+k
(γ1)i+j+k (γ2)i+j+k i!j!k!
xi+j+kyi+kz j
× FF (β + k+ i+ j;α + k+ i+ 2j, β + k+ i;
γ1 + k+ i+ j, γ2 + k+ i+ j; x, y, z) , (4.2)
HA (α, α, β2; γ1, γ2; x, y, z) =
∞∑
i,j,k,l=0
(−1)i+j (α)i+j+k+2l (α)i+k (β2)i+2j+k+l
(γ1)i+k (γ2)i+2j+k+2l i!j!k!l!
xi+kyi+j+k+lz j+l
× FG (α + i+ j+ k+ 2l;α + i+ k, β2 + i+ 2j+ k+ l, β2 + i+ 2j+ k+ l;
γ1 + i+ k, γ2 + i+ 2j+ k+ 2l; x, y, z) , (4.3)
HA (α, β1, β2; γ1, γ2; x, y, z) =
∞∑
i,j=0
(−1)i (α)i+j (β1)i+j (β2)2i+j (γ2)2i
(γ2 + i− 1)i (γ1)j (γ2)2i+j (γ2)2i i!j!
xjyi+jz i
× FK (β1 + i+ j, β2 + 2i+ j, α + i+ j, β1 + i+ j;
γ1 + j, γ2 + 2i+ j, γ2 + 2i; x, y, z) , (4.4)






× FM (β1 + i, β2 + i, α + i, β1 + i; γ1 + i, γ2 + i; x, y, z) , (4.5)






× FN (β1 + i, β1 + i+ j, β2 + i+ j, α + i+ j, β2 + i+ j;
γ1 + i, γ2 + i+ 2j; x, y, z) , (4.6)






× FP (α + i, β2 + i, β1 + i, β2 + i;
γ1, γ2 + 2i; x, y, z) , (4.7)
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HA (α, β, β; γ1, γ2; x, y, z) =
∞∑
i,j,k=0
(−1)i (α)2i+j+k (β)i+j+k (β)j+k
(γ1)i+j (γ2)i+j+2k i!j!k!
xi+jyj+kz i+k
× FR (α + 2i+ j+ k, β + j+ k, β + i+ j+ k, β + i+ j+ k;
γ1 + i+ j, γ2 + i+ j+ 2k; x, y, z) , (4.8)




(γ )i+j (γ )2i+2j+2k+2l i!j!k!l!
xi+j+k+lyi+kz j+l
× FS (α + i+ 2j+ k+ l, β2 + i+ j+ k+ l, β1 + 2i+ j+ k+ l, β1 + 2i+ j+ k,
α + i+ 2j+ k+ l; γ + 2i+ 2j+ 2k+ 2l; x, y, z) , (4.9)




(γ )i+j (γ )2i+2j+2k i!j!k!
xi+j+kyi+kz j
× FT (β1 + 2i+ j+ k, β2 + i+ j+ k, α + i+ 2j+ k, β1 + 2i+ j+ k;
γ + 2i+ 2j+ 2k) . (4.10)
Our operational derivations of the decomposition formulas (4.1)–(4.10) would indeed run parallel to those presented in
the earlier works, which we have already cited in the preceding sections. In addition to the various operator expressions
and operator identities listed in Sections 2 and 3, we also make use of the following operator identities [16, p. 93]:







δ := ξ d
dξ
; α ∈ C; n ∈ N0 := N ∪ {0} ; N := {1, 2, 3, . . .}
)
and





δ := ξ d
dξ
; n ∈ N0
)
, (4.12)
for every analytic function f (ξ).
5. Proof of decomposition formulas
We prove the decomposition formula (4.1). For this purpose, we use the operator method (2.1) for (2.5). It can be easily
found that superposition of the∆z;xy (α)∇xz (α)∆yz (γ2) has the form




(−1)j (α)i (α + i)m (γ2)2i (−δ1)j+k (−δ2)i+l (−δ3)i+j+k+l
(1− α − δ1 − δ2 − δ3)i+j+k+l (α)m (γ2 + i− 1)i (δ2 + γ2)i (δ3 + γ2)i i!j!k!l!
. (5.1)
It is easy to prove that the following identity is true [1, pp. 250–251]:
(α + i)m
(α)m (1− α − δ1 − δ2 − δ3)i+j+k+l (δ2 + γ2)i (δ3 + γ2)i
FE (α;α, β2; γ1, γ2, γ2; x, y, z)
= (−1)
i+j+k+l (α)i+j+k+l
(α − i− j− k− l)2i+2j+2k+2l (γ2)i (γ2)i
FE (α − i− j− k− l;α + i, β2; γ1, γ2 + i, γ2 + i; x, y, z) . (5.2)
From (3.1), and taking into account identities (5.1) and (5.2), we have
HA (α, α, β2; γ1, γ2; x, y, z) =
∞∑
i,j,k,l=0
(−1)j (α)i (γ2)2i (−δ1)j+k (−δ2)i+l (−δ3)i+j+k+l
(γ2 + i− 1)i i!j!k!l!
× (−1)
i+j+k+l (α)i+j+k+l
(α − i− j− k− l)2i+2j+2k+2l (γ2)i (γ2)i
FE (α − i− j− k− l;α + i, β2; γ1, γ2 + i, γ2 + i; x, y, z) . (5.3)
Using formula (4.12) and the derivation formula for hypergeometric function FE ,
∂m+n+k
∂xm∂yn∂zk
FE (α;β1, β2; γ1, γ2, γ3; x, y, z) = (α)m+n+k (β1)m (β2)n+k
(γ1)m (γ2)n (γ3)k
× FE (α +m+ n+ k;β1 +m, β2 + n+ k; γ1 +m, γ2 + n, γ3 + k; x, y, z) , m, n, k ∈ N0, (5.4)
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we find
(−δ1)j+k (−δ2)i+l (−δ3)i+j+k+l FE (α − i− j− k− l;α + i, β2; γ1, γ2 + i, γ2 + i; x, y, z)
= (α)i+j+k (α − i− j− k− l)2i+2j+2k+2l (β2)2i+j+k+2l (γ2)i (γ2)i
(α)i (γ1)j+k (γ2)2i+l (γ2)2i+j+k+l
xj+kyi+lz i+j+k+l
× FE (α + i+ j+ k+ l;α + i+ j+ k, β2 + 2i+ j+ k+ 2l;
γ1 + j+ k, γ2 + 2i+ l, γ2 + 2i+ j+ k+ l; x, y, z) . (5.5)
Substituting (5.5) into the identity (5.3), we find decomposition formula (4.1). Analogously, the formulas (4.2)–(4.10) can be
proved.
6. Concluding remarks and observations
By suitably specializing the decomposition formulas (4.1)–(4.10), we can deduce a number of (known or new)
decomposition formulas including those given by (for example) Burchnall and Chaundy [1,2]. In the decomposition formulas
(4.1)–(4.10), we suppose that z = y, and we can find a new group of decompositions for the hypergeometric function HA.
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